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Abstract
In the paper, we consider the question whether a unital full free prod-
uct of MF algebras with amalgamation over a finite dimensional C*-
algebra is an MF algebra. First, we show that, under a natural condi-
tion, a unital full free product of two separable residually finite dimen-
sional (RFD) C*-algebras with amalgamation over a finite dimensional
C*-algebra is again a separable RFD C*-algebra. Applying this result on
MF C*-algebras, we show that, under a natual condition, a unital full free
product of two MF algebras is again an MF algebra. As an application,
we show that a unital full free product of two AF algebras with amalga-
mation over an AF algebra is an MF algebra if there are faithful tracial
states on each of these two AF algebras such that the restricitions on the
common subalgebra agree.
1 Introduction
The concept of MF algebras was first introduced by Blackadar and Kirchberg in
[3]. If a separable C*- algebraA can be embedded into
∏
k
Mnk (C) /
∑
kMnk (C)
for a sequence of positive integers {nk}
∞
k=1 , then A is called an MF algebra.
Many properties of MF algebras were discussed in [3]. For example, it was
shown there that an inductive limit of MF algebras is an MF algebra and every
subalgebra of an MF algebra is an MF algebra. This class of C*-algebras is
of interest for many reasons. For example, it plays an important role in the
classification of C∗-algebras and it is connected to the question whether the Ext
semigroup, in the sense of Brown, Douglas and Fillmore, of a unital C∗-algebra is
a group (see the striking result of Haagerup and Thorbjørnsen on Ext(C∗r (F2)).
This notion is also closely connected to Voiculescu’s topological free entropy
dimension for a family of self-adjoint elements x1, · · · , xn in a unital C*-algebra
A [26].
∗The research of second author is partially sponsored by an NSF grant.
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The class of MF algebras contains all residually finite-dimensional C*-algebras
and quasidiagonal C*-algebras. Recall that a C*-algebra is said to be residually
finite-dimensional (RFD) if it has a separating family of finite-dimensional rep-
resentations. In [8], Choi showed that the full C*-algebra of the free group on
two generators is RFD. Later, in [12], Exel and Loring showed that the unital
full free product of two unital RFD C*-algebras is RFD. In the same paper they
gave several equivalent conditions for the RFD property. In [1], Armstrong,
Dykema, Exel and Li characterized the RFD property of unital full amalga-
mated free products of finite dimensional C*-algebras, which extends an earlier
result by Brown and Dykema in [5].
Quasidiagonal operators on separable Hilbert spaces were defined by P. R.
Halmos [21] as compact perturbations of block-diagonal operators. A gener-
alized notion of quasidiagonal operators to sets of operators is the concept of
quasidiagonal sets of operators. A C*-algebra A is quasidiagonal (QD) if there
is a faithful representation ρ such that ρ (A) is a quasidiagonal set of operators.
This class of C*-algebras has been studied for more than 30 years. In [4], it has
been shown that a full free product of two unital QD C*-algebras amalgamated
over units is QD.
In this paper, we consider the question whether a unital full amalgamated
free product of two RFD C*-algebras, or two MF algebras, with amalgamation
over a common C*-algebra is, again, an RFD C*-algebra, or an MF algebra
respectively. One example (see Example 2.1) is given to show that the answer
to this general question is no. Under natural restrictions, we are able to provide
an affirmative answer when we consider a unital full free product of two MF
algebras (or two RFD C*-algebras, two QD C*-algebras) with amalgamation
over a full matrix algebra. Our main results about unital RFD C*-algebras are
as follows:
Theorem 4.1 LetA, B be unital RFD algebras andD be a finite-dimensional
C*-algebra. Let ψA : D → A and ψB : D → B be unital embeddings. Let A∗
D
B
be the corresponding unital full amalgamated free product. Then A∗
D
B is RFD
if and only if there is a sequence {kn}
∞
n=1 of positive integers with unital em-
beddings q1 : A →
∏∞
n=1Mkn(C) and q2 : B →
∏∞
n=1Mkn(C) such that the
following diagram commutes
D
ψA
→֒ A
ψB ↓ ↓q1
B
q2
→֒
∏∞
m=1Mkm(C)
Corollary 4.1 Suppose that A is RFD and D is a unital finite-dimensional
C*-subalgebra of A. Then A∗DA is RFD.
Theorem 5.1 Let A and B be unital MF-algebras and D be a finite-
dimensional C*-algebra. Let ψ1 : D → A and ψ2 : D → B be unital embed-
dings. Then A∗
D
B is an MF algebra if and only if there is a sequence {kn}
∞
n=1
2
of integers with unital embeddings q1 : A →
∏∞
n=1Mkn(C)/
∞∑
n=1
Mkn(C) and
q2 : B →
∏∞
n=1Mkn(C)/
∞∑
n=1
Mkn(C) such that the following diagram commutes
D
ψA
→֒ A
ψB ↓ ↓q1
B
q2
→֒
∏∞
m=1Mkm(C)/
∑
Mkm(C)
When the common C*-algebra D is an AF algebra, we obtain following
results.
Theorem 5.3 Suppose that A ⊃ D ⊂ B are unital inclusions of unital MF
algebras where D is an AF algebra. Then the unital full free product A ∗D B
of A and B with amalgamation over D is an MF algebra if and only if there
is a sequence of positive integers {kn}
∞
n=1 such that the following diagram is
commutative
D ⊆ A
∩ ∩
B ⊆
∏
n
Mkn (C) /
∑
nMkn (C)
Theorem 5.4 Suppose that A ⊃ D ⊂ B are unital inclusions of AF C∗-
algebras. If there are faithful tracial states τA and τB on A and B respectively,
such that
τA(x) = τB(x), ∀ x ∈ D,
then A ∗D B is an MF algebra.
Corollary 5.2 Suppose thatA ⊇ D ⊆ B are unital inclusions of C*-algebras
where A, B are UHF algebras and D is an AF algebra. Then A∗
D
B is an MF
algebra if and only if
τA (z) = τB (x) for each z ∈ D,
where τA and τB are faithful tracial states on A and B respectively.
A brief overview of this paper is as follows. In Section 2, we recall the
definitions of MF algebras and unital full amalgamated free product of unital
C*-algebas. One example is given at the end of the section to show that a
unital full amalgamated free product of unital MF (or RFD, QD) algebras may
not be MF (or RFD, QD) again. Section 3 contains definitions and some basic
properties of quasidiagonal operators, quasidiagonal sets of operators and QD
C*-algebras. This section is designed to make the paper self-contained. Section
4 is devoted to results on the full amalgamated free products of unital RFD C*-
algebras. In Section 5, we first consider unital full free products of unital MF
algebras with amalgamation over finite-dimensional C*-subalgebras. Then we
consider the case when a common unital C*-subalgebra is an infinite-dimensional
C*-algebra. More precisely, we consider a case when the common unital C*-
subalgebra is an AF algebra.
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2 Definitions and Preliminaries
2.1 Noncommutative polynomials
In this article, we always assume that all C*-algebras are unital separable C∗-
algebras. We use notation C*(x1, x2, · · · ) to denote the unital C*-algebra gen-
erated by {x1, x2, · · · } . Let C〈X1, . . . ,Xn〉 be the set of all noncommutative
polynomials in the indeterminants X1, . . . ,Xn. Let CQ = Q + iQ denote the
complex-rational numbers, i.e., the numbers whose real and imaginary parts
are rational. Then the set CQ〈X1, . . . ,Xn〉 of noncommutative polynomials
with complex-rational coefficients is countable. Throughout this paper we write
C〈X1,X2, · · · 〉 = ∪
∞
m=1C〈X1,X2, · · ·Xm〉
and
CQ〈X1,X2, · · · 〉 = ∪
∞
m=1CQ〈X1,X2, · · ·Xm〉.
Let {Pr}
∞
r=1 be the collection of all noncommutative polynomials inCQ〈X1,X2, · · · 〉
with rational complex coefficients.
2.2 Blackadar and Kirchberg’s MF Algebras
We will recall an equivalent definition of MF algebras and some basic proper-
ties. Let us fix notations first. We assume that H is a separable complex Hilbert
space and B(H) is the set of all bounded operators on H. Suppose {x, xk}
∞
k=1
is a family of elements in B(H). We say xk → x in ∗-SOT (∗-strong opera-
tor topology) if and only if xk → x in SOT and x
∗
k → x
∗ in SOT. Suppose
{x1, . . . , xn} and {x
(k)
1 , . . . , x
(k)
n }∞k=1 are families of elements in B(H). We say
〈x
(k)
1 , . . . , x
(k)
n 〉 → 〈x1, . . . , xn〉 in ∗ -SOT, as k →∞
if and only if
x
(k)
i → xi in ∗ -SOT, as k→∞, ∀ 1 ≤ i ≤ n.
Suppose A is a separable unital C*-algebra on a Hilbert space H. Let H∞ =
⊕NH and, for any x ∈ A, let x
∞ be the element ⊕Nx = (x, x, x, . . .) in∏
k∈NA
(k) ⊂ B(H∞), where A(k) is the k-th copy of A.
Suppose {Mkn(C)}
∞
n=1 is a sequence of complex matrix algebras. We intro-
duce the C*-direct product
∏∞
m=1Mkm(C) of {Mkn(C)}
∞
n=1 as follows:
∞∏
n=1
Mkn(C) = {(Yn)
∞
n=1 | ∀ n ≥ 1, Yn ∈Mkn(C) and ‖(Yn)
∞
n=1‖ = sup
n≥1
‖Yn‖ <∞}.
Furthermore, we can introduce a norm-closed two sided ideal in
∏∞
n=1Mkn(C)
as follows:
∞∑
n=1
Mkn(C) =
{
(Yn)
∞
n=1 ∈
∞∏
n=1
Mkn(C) : lim
n→∞
‖Yn‖ = 0
}
.
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Let π be the quotient map from
∏∞
n=1Mkn(C) to
∏∞
n=1Mkn(C)/
∞∑
n=1
Mkn(C).
Then
∞∏
n=1
Mkn(C)/
∞∑
n=1
Mkn(C)
is a unital C*-algebra. If we denote π ((Yn)
∞
n=1) by [(Yn)n], then
‖[(Yn)n]‖ = lim sup
n→∞
‖Yn‖ .
Now we are ready to recall an equivalent definition of MF algebras given by
Blackadar and Kirchberg [3].
Definition 2.1 (Theorem 3.2.2, [3]) Let A be a separable C*-algebra. If A can
be embedded as a C*-subalgebra of
∏∞
n=1Mkn(C)/
∞∑
n=1
Mkn(C) for a sequence
{kn}
∞
n=1 of integers, then A is called an MF algebra.
The following Theorem is one of the key ingredients for showing our main
results in this paper.
Theorem 2.1 (Theorem 5.1.2, [15]) Suppose that A is a unital C∗-algebra gen-
erated by a sequence of self-adjoint elements x1, x2, · · · in A. Then the following
are equivalent:
1. A is an MF algebra
2. For each n ∈ N, there are a sequence of positive integers {mk}
∞
k=1 and
self-adjoint matrices A
(k)
1 , . . . , A
(k)
n inMs.a.mk (C) for k = 1, 2, . . ., such that,
∀ P ∈ C〈X1, . . . , Xn〉,
lim
k→∞
‖P (A
(k)
1 , . . . , A
(k)
n )‖ = ‖P (x1, . . . , xn)‖,
where C〈X1, . . . , Xn〉 is the set of all noncommutative polynomials in the
indeterminants X1, . . . , Xn.
The examples of MF algebras contain all finite dimensional C*-algebras, AF
(approximately finite dimensional) algebras and quasidiagonal C*-algebras. In
[14], Haagerup and Thorbjφrnsen showed that C∗r (Fn) is an MF algebra for
n ≥ 2. For more examples of MF algebras, we refer the reader to [3] and [19].
2.3 Definition of Full Amalgamated Free Products of Uni-
tal C*-algebras
Recall the definition of full amalgamated free product of unital C*-algebras as
follows.
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Definition 2.2 Given C*-algebras A, B and D with unital embeddings (injec-
tive ∗ -homomorphisms) ψA : D → A and ψB : D → B, the corresponding full
amalgamated free product C*-algebra is the C*-algebra C, equipped with unital
embeddings σA : A → C and σB : B → C such that σA◦ψA = σB◦ψB, such that C
is generated by σA (A)∪σB (B) and satisfying the universal property that when-
ever E is a C*-algebra and πA : A → E and πB : B → E are ∗-homomorphisms
satisfying πA ◦ ψA = πB ◦ ψB, there is a ∗-homomorphism π : C → E such that
π ◦ σA = πA and π ◦ σB = πB. The full amalgamated free product C*-algebra C
is commonly denoted by A∗
D
B.
When D = CI, the above definition is the unital full free product A ∗C B of
A and B. The following theorem is certainly well-known, and we will give its
proof for the purpose of completeness.
Theorem 2.2 Suppose that A, B and D are unital C*-algebras. Then
(A⊗maxD) ∗
D
(B⊗maxD)∼=
(
A∗
C
B
)
⊗max D.
Proof. From the definition of unital full free product, we can get two natural
unital embeddings
π1 : A⊗maxD →
(
A∗
C
B
)
⊗max D
and
π2 : B⊗maxD →
(
A∗
C
B
)
⊗max D
from A⊗maxD and B⊗maxD into
(
A∗
C
B
)
⊗max D respectively. It is clear that
the restrictions of π1 and π2 on I ⊗ D agree, i.e., π1|I⊗D = π2|I⊗D. Sup-
pose K is a C*-algebra acting on a Hilbert space H such that there are two *-
homomorphisms q1 : A⊗maxD → K and q2 : B⊗maxD → K satisfying q1|I⊗D =
q2|I⊗D. It implies that q1 (A⊗ I) commutes with q1 (I ⊗D) in K and q2 (B ⊗ I)
commutes with q2 (I ⊗D) in K. Let M = K∩ (q1 (1⊗D))
′
= K∩ (q2 (1⊗D))
′
.
Since q1 (A⊗ I) and q2 (B ⊗ I) are subalgebras ofM, there is a *-homomorphism
q˜ : A∗
C
B →M by the definition of unital full free product. Moreover, the im-
age q˜ (A∗CB) of A∗CB under q˜ commutes with q1 (I ⊗D) in K. From the def-
inition of maximal C*-norm on tensor product of two C*-algebras, there is a
*-homomorphism
q :
(
A∗
C
B
)
⊗max D → K.
such that q ◦ π1 = q1 and q ◦ π2 = q2. The desired conclusion now follows from
the definition of full amalgamated free products of unital C*-algebras.
Combining the following Theorem and preceding result, we are able to obtain
our first result about unital full amalgamated free product of MF algebras, that
is Proposition 2.1.
Theorem 2.3 (Theorem 5.1.4., [15]) Suppose {Ai : i ∈ N} is a countable fam-
ily of separable MF C*-algebras. Then the unital full free product A = ∗CAi is
an MF algebra.
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Proposition 2.1 Let A and B be separable unital C*-algebras. If D can be em-
bedded as a unital C*-subalgebra of A and B respectively, and D is *-isomorphic
to a full matrix algebra Mn (C) for some integer n, then the full amalgamated
free product A∗
D
B is an MF algebra if and only if A and B are both MF.
Proof. If A∗
D
B is a unital MF algebra, then it is easy to see that A and B are
MF. On the other hand, since D is *-isomorphic to a full matrix algebra, from
Lemma 6.6.3 in [22], it follows that A ∼= A′ ⊗D and B ∼= B′ ⊗D where A′ and
B′ are C*-subalgebras of A and B respectively. Therefore A′ and B′ are MF as
well. Then the desired conclusion follows from Theorem 2.3 and 2.2.
Recall that a separable C*-algebraR is said to be residually finite-dimensional
(RFD) if for each x ∈ R there exists a *-homomorphism π : R → B such that
dim (B) <∞ and π (x) 6= 0. It is easy to see that such algebras have a faithful
representation whose image is a block diagonal set of operators. The Proposi-
tion 2.1 is stated for unital MF algebras, but same conclusion holds when we
consider unital RFD C*-algebras or unital quasidiagonal C*-algebras (we will
recall the definition of quasidiagonal C*-algebra later).
Lemma 2.1 (Theorem 4.2.,[1]) Consider unital inclusions of C*-algebras A ⊇ D ⊆ B
with A and B finite dimensional. Let A∗
D
B be the corresponding full amalga-
mated free product. Then A∗
D
B is residually finite dimensional if and only if
there are faithful tracial states τA on A and τB on B whose restrictions on D
agree.
Remark 2.1 Combining Lemma 2.1 and the fact that each RFD C*-algebra
has a faithful tracial state, it is not hard to see that A∗
D
B is RFD if and only if
A∗
D
B has a faithful tracial state.
In [12], Exel and Loring showed that the unital full free product of two RFD
C*-algebra is RFD, which extends an earlier result by Choi in [8]. In [4], Boca
showed that the unital full free product of two quasidiagonal C*-algebras is also
quasidiagonal. The analogous result for MF algebras is given in [15]. Lemma
2.1 characterizes when a full amalgamated free product of finite dimensional
C*-algebras is RFD, which extends an earlier result by Brown and Dykema in
[5]. So from Proposition 2.1 and the above results, it is natural to ask whether
a full amalgamated free product of unital MF (or RFD, quasidiagonal) algebras
is always MF (or RFD, quasidiagonal). For the case when D is *-isomorphic to
a full matrix algebra, we know that A∗
D
B is MF (or RFD, quasidiagonal) if and
only if A and B are both MF (or RFD, quasidiagonal) by Proposition 2.1. But
the following example shows that a full amalgamated free product of two MF (or
RFD, quasidiagonal) algebras may not be MF (or RFD, quasidiagonal) again,
even for two full matrix algebras with amalgamation over the two dimensional
C*-algebra C⊕ C.
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Example 2.1 Let D =C⊕ C. Suppose ϕ1 : D →M2 (C) and ϕ2 : D →M3 (C)
are unital embeddings such that
ϕ1 (1⊕ 0) =
(
1 0
0 0
)
and ϕ2 (1⊕ 0) =
 1 0 00 0 0
0 0 0

Then M2 (C) ∗
D
M3 (C) is not an MF algebra (therefore it is not RFD or qua-
sidiagonal). Actually, if we assume that M2 (C) ∗
D
M3 (C) is an MF algebra,
then there exists a tracial state τ on M2 (C) ∗
D
M3 (C) . So the restrictions of τ
on M2 (C) and M3 (C) are the unique tracial states on M2 (C) and M3 (C)
respectively. It follows that τ (ϕ1 (1⊕ 0)) =
1
2 6= τ (ϕ2 (1⊕ 0)) =
1
3 which con-
tradicts to the fact that ϕ1 (1⊕ 0) = ϕ2 (0⊕ 1) in M2 (C) ∗
D
M3 (C). Therefore
M2 (C) ∗
D
M3 (C) is not MF.
3 Basic Properties of Quasidiagonal Algebras
The proof of one of our main theorems is based on the understanding of quasidi-
agonal C*-algebras. Therefore, we will recall some results about quasidiagonal
C*-algebras for the reader’s convenience, but we will not give their proofs. We
refer the reader to [6] for a comprehensive treatment of this important class of
C*-algebras.
Definition 3.1 A subset Ω ⊂ B (H) is called a quasidiagonal set of operators
if for each finite set S ⊂ Ω, finite set F ⊂ H and ε > 0 there exists a finite rank
projection P ∈ B(H) such that ‖SP − PS‖ ≤ ε and ‖Px− x‖ ≤ ε for all S ∈ S
and x ∈ F.
Definition 3.2 A C*-algebra A is called quasidiagonal (QD) if there exists a
faithful representation π : A → B(H) such that π (A) is a quasidiagonal set of
operators.
Definition 3.3 Let π : A → B(H) be a faithful representation of a C*-algebra
A. Then π is called essential if π(A) contains no nonzero finite rank operators.
The next lemma is a fundamental result about representations of quasidiag-
onal C*-algebras.
Lemma 3.1 (Theorem 1.7, [25]) Let π : A → B(H) be a faithful essential
representation. Then A is quasidiagonal if and only if π(A) is a quasidiagonal
set of operators.
The following lemma is an important ingredient in the proof of Proposition
5.1.
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Lemma 3.2 (Lemma 2.1, [19]) Suppose that A ⊂ B(H) is a separable unital
quasidiagonal C*-algebra and x1, · · · , xn are self-adjoint elements in A. For any
ε > 0, any finite subset {f1, · · · , fr} of C 〈X1, · · · ,Xn〉 and any finite subset
{ξ1, · · · , ξr} of H, there is a finite rank projection p in B(H) such that:
(i) ‖ξk − pξk‖ < ε, ‖(pxip− xi) ξk‖ < ε, for all 1 ≤ i ≤ n and 1 ≤ k ≤ r;
(ii)
∣∣∣‖fj (px1p, · · · , pxnp)‖B(pH) − ‖fj (x1, · · · , xn)‖∣∣∣ < ε, for all 1 ≤ j ≤ r.
Using Lemma 3.2, it is easy to see that all quasidiagonal C*-algebras are
MF algebras.
Lemma 3.3 (Proposition 7.4, [6, 7.4]) If {An} is a sequence of C*-algebras
then
∏
n∈N
An is QD if and only if each An is QD.
The examples of quasidiagonal C*-algebras include all abelian C*-algebras
and finite-dimensional C*-algebras as well as residually finite-dimensional C*-
algebras.
4 Full Amalgamated Free Products of RFD C*-
algebras
First, we will give the following well-known lemma. For completeness, we include
the proof.
Lemma 4.1 Given 0 < ǫ < 1 and n ∈ N. For any two families of n pairwise
orthogonal projections {P1, · · · , Pn} and {Q1, · · · , Qn} in ndimensional unital
abelian C*-subalgebras A and B in B (H) with ‖Pi −Qi‖ <
ǫ
n+1 (i = 1, · · · , n),
there is a unitary U ∈ B (H) with ‖U − I‖ < ǫ such that UPiU
∗ = Qi for
1 ≤ i ≤ n.
Proof. Define X =
n∑
i=1
QiPi. Let δ =
ǫ
n+1 . It is clear that
∑n
i=1 Pi =
∑
i=1Qi =
I. Since ‖Pi −Qi‖ < δ and Pi − Qi is self-adjoint for each i, we have that
Qi − Pi + δ ≥ 0. It follows that Qi ≥ Pi − δ and
X∗X =
n∑
i=1
PiQiPi ≥
n∑
i=1
Pi (Pi − δ)Pi
=
n∑
i=1
Pi −
n∑
i=1
δPi = (1− δ) I > 0.
ThereforeX is invertible and ‖X∗X‖ ≥ 1−δ. Assume that X = U |X | is the po-
lar decomposition of X where |X | = (X∗X)
1
2 and U is a partial isometry. Since
X is invertible, we may assume that U is a unitary without loss of generality.
So it is not hard to see that∥∥∥|X |−1 − I∥∥∥ ≤ ( 1
1− δ
)1/2
− 1.
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Meanwhile, we have ‖X∗X‖ ≤ 1 from the construction of X and the fact that
{P1, · · · , Pn} and {Q1, · · · , Qn} are two families of n pairwise orthogonal pro-
jections respectively. Therefore we have that
‖U − I‖ ≤ ‖U −X‖+ ‖X − I‖
≤ ‖X‖
∥∥∥|X |−1 − I∥∥∥+ ∥∥∥∥ n∑
i=1
(Qi − Pi)Pi.
∥∥∥∥
≤
((
1
1− δ
)1/2
− 1
)
+ nδ < (n+ 1) δ = ǫ.
Since X =
n∑
i=1
QiPi, it is easy to see QiX = XPi for 1 ≤ i ≤ n, then Pi |X | =
|X |Pi as well. So
UPi = X |X |
−1
Pi = XPi |X |
−1
= QiX |X |
−1
= QiU.
Therefore UPiU
∗ = Qi for 1 ≤ i ≤ n as desired.
The following lemma is a useful result concerning the representations of
separable C*-algebras. First, we need to recall that the rank of an operator
T ∈ B (H) , denoted by rank(T ) , is the dimension of the closure of the range of
T.
Lemma 4.2 (Theorem II.5.8., [10]) Let A be a separable unital C*-algebra
and πi : A → B (Hi) be unital *-representations for i = 1, 2. Then there exists
a sequence of unitaries Um : H1 → H2 such that ‖π2 (a)− Umπ1 (a)U
∗
m‖ → 0
(m→∞) for all a ∈ A if and only if rank (π1 (a)) = rank (π2 (a)) for all
a ∈ A.
Definition 4.1 Suppose H is a separable Hilbert space and F ⊆ H. For given
ǫ > 0, we say that
{x1, · · · , xn} ⊆ǫ F
for {x1, · · · , xn} ⊆ H if there are y1, · · · , yn ∈ F such that
max
1≤i≤n
‖xi − yi‖ ≤ ǫ.
The following Lemma is a technical result.
Lemma 4.3 Let A ⊇ D ⊆ B be unital inclusions of separable C*-algebras and
D be a unital finite-dimensional abelian C*-algebra. Suppose ρA : A → B (H)
and ρB : B → B (H) are representations of A and B with ρA|D = ρB|D on a
separable Hilbert space H respectively. If there are two chains F1 ⊆ F2 ⊆ · · ·
and G1 ⊆ G2 ⊆ · · · of finite-dimensional subspaces of H satisfying dimFk =
dimGk for each k ∈ N such that each Fk is ρA (A) invariant and each Gk
is ρB (B) invariant, then there are sequences of representations
{
ρAk
}∞
k=1
and{
ρBk
}∞
k=1
of A and B on a finite-dimensional Hilbert space Hk for each k such
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that the restriction of ρ˜Ak on subspace Fk equals the restriction of ρA on Fk, the
restriction of ρ˜Bk on subspace Gk equals the restriction of ρB on Gk, i.e.,
ρ˜Ak |Fk = ρA|Fk , ρ˜
B
k |Gk = ρB|Gk
and the restrictions of ρ˜Ak and ρ˜
B
k on D agree, i.e., ρ˜
A
k |D = ρ˜
B
k |D.
Proof. Suppose that D = C∗ (p1, · · · , pt) where p1, · · · , pt are orthogonal pro-
jections with
t∑
i=1
pi = I. Let Ek = Fk +Gk. Note that Ek is ρA (D) (= ρB (D))
invariant. Let dk = dim (Ek), P˜
k
i = ρA (pi) |Ek and ri = rank
(
P˜ ki
)
. Let
E′k be any finite dimensional subspace of H that is orthogonal to Ek and
has dimension d′k = dim (E
′
k) so that dk + d
′
k = l · dimFk = l · dimGk and
rank(ρA(pi)|Fk)
dim(Fk)
(dk + d
′
k) = rank (ρA (pi) |Fk) · l ≥ ri for i ∈ {1, · · · , t}, l ∈ N.
Then we can find projections Q˜k1 , · · · , Q˜
k
t ∈ B (E
′
k) such that Q˜
k
1 + · · · + Q˜
k
t =
I ∈ B (E′k), and ri + r
′
i = rank (ρA (pi) |Fk) · l where r
′
i = rank
(
Q˜ki
)
. Assume
that Hk = Ek + E
′
k. Since
dim (Hk ⊖ Fk) = (l − 1) · dimFk
and
rank
((
P˜ ki + Q˜
k
i
)
|Hk⊖Fk
)
= ri + r
′
i − rank (ρA (pi) |Fk)
= rank (ρA (pi) |Fk) (l− 1) .
We can construct a representation ρ
′A
k : A → B (Hk ⊖ Fk) with ρ
′A
k (pi) =(
P˜ ki + Q˜
k
i
)
|Hk⊖Fk such that ρ
′A
k is unitarily equivalent to the direct sum of l−1
copies of the restriction of ρA on Fk,i.e., ρ
A|Fk . Putting ρ˜
A
k (x) = ρ
A (x) |Fk +
ρ
′A
k (x) ∈ B (Hk) . Then ρ˜
A
k (pi) = P˜
k
i + Q˜
k
i . Similarly, we can construct a rep-
resentation ρ˜Bk by the same way such that ρ˜
B
k (pi) = P˜
k
i + Q˜
k
i . This implies that
there are *-representations ρ˜Ak and ρ˜
B
k satisfying
ρ˜Ak |Fk = ρA|Fk , ρ˜
B
k |Gk = ρB|Gk
and ρ˜Ak |D = ρ˜
B
k |D.
We need one more technical result for showing our main results in this sec-
tion.
Lemma 4.4 Let A ⊇ D ⊆ B be unital inclusions of C*-algebras in
∞∏
n=1
Mkn (C)
and D be a unital finite-dimensional abelian C*-subalgebra of
∞∏
n=1
Mkn (C) . Sup-
pose Φ : A∗
D
B → B (H) is a faithful essential representation on a separable
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Hilbert space H. Then there are sequences
{
ρAm
}∞
m=1
and
{
ρBm
}∞
m=1
of repre-
sentations of A and B on H such that ρBm|D = ρ
A
m|D and∥∥ρAm (a)− ΦA (a)∥∥→ 0 for ∀a ∈ A as m→∞∥∥ρBm (b)− ΦB (b)∥∥→ 0 for ∀b ∈ B as m→∞.
Moreover, for each m ∈ N, we can find chains of finite-dimensional subspaces
Fm1 ⊆ F
m
2 ⊆ · · · and G
m
1 ⊆ G
m
2 ⊆ · · · of H with dimF
m
k = dimG
m
k such that
each Fmk is ρ
A
m (A) invariant, each G
m
k is ρ
B
m (B) invariant and
∞⋃
k=1
Fmk ,
∞⋃
k=1
Gmk
are both dense in H.
Proof. Suppose that D =C∗ (p1, · · · , pt) where p1, · · · , pt are orthogonal pro-
jections with
t∑
i=1
pi = I. There are natural *-homomorphisms π
A
n : A →Mkn (C)
and πBn : B →Mkn (C) for each n ∈ N such that the direct sums of
{
πAn
}
and{
πBn
}
are faithful respectively. We may assume that each πAk and π
B
k appear
infinitely often in the lists
{
πA1 , π
A
2 , · · ·
}
and
{
πB1 , π
B
2 , · · ·
}
respectively so that
we have an increasing sequence N0 = 0 < N1 < N2 < · · · such that π
A
k and π
B
k
appear atNk position in
{
πA1 , π
A
2 , · · ·
}
and
{
πB1 , π
B
2 , · · ·
}
respectively. It is clear
that direct sums of them are faithful representations respectively. Then there
are representations πA : A → B (H) and πB : B → B (H) with a projection PNk
for each k ∈ N such that PNk reduces πA and πB, the restrictions of πA and πB
to
(
PNk − PNk−1
)
(H) are unitarily equivalent to πAk and π
B
k respectively, and
PNk → I in SOT as k →∞. Since
rank πA (a) = rank ΦA (a) and rank πB (b) = rank ΦB (b)
for each a ∈ A and b ∈ B where ΦA and ΦB are the restriction of Φ on A and
B respectively, we can find sequences {Um}
∞
m=1 and {Wm}
∞
m=1 of unitaries in
B (H) by Lemma 4.2 such that, for every a ∈ A and b ∈ B, we have
‖UmπA (a)U
∗
m − ΦA (a)‖ → 0 as m→∞
‖WmπB (b)W
∗
m − ΦB (b)‖ → 0 as m→∞.
By the fact that ΦA (pi) = ΦB (pi) for every i ∈ {1, · · · , t} , it follows that
‖UmπA (pi)U
∗
m −WmπB (pi)W
∗
m‖ → 0 as (m→∞) .
From Lemma 4.1, there is M0 ∈ N such that for every m ≥ M0, there is a
unitary Vm and ǫm satisfying ‖Vm − I‖ < ǫm, ǫm → 0 (m→∞) and
V ∗mWmπB (pi)W
∗
mVm = UmπA (pi)U
∗
m
for each i ∈ {1, · · · , t}. Without loss of generality we can assume that, for each
m ∈ N, there is a Vm and ǫm such that ‖Vm − I‖ < ǫm and
V ∗mWmπB (pi)W
∗
mVm = UmπA (pi)U
∗
m
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Meanwhile, we still have
‖V ∗mWmπB (b)W
∗
mVm − ΦB (b)‖ → 0 as m→∞.
Let ρAm (a) = UmπA (a)U
∗
m and ρ
B
m (b) = V
∗
mWmπB (b)W
∗
mVm for each m ∈ N.
It is clear that ρBm|D = ρ
A
m|D and∥∥ρAm (a)− ΦA (a)∥∥→ 0 as m→∞∥∥ρBm (b)− ΦB (b)∥∥→ 0 as m→∞.
Putting Fmk = UmPNkU
∗
m (H) and G
m
k = V
∗
mWmPNkW
∗
mVm (H) . Note that
dimFmk = dimG
m
k . We also have F
m
1 ⊆ F
m
2 ⊆ · · · and G
m
1 ⊆ G
m
2 ⊆ · · · are
chains of finite dimensional subspaces of H, and each Fmk is ρ
A
m (A) invariant,
each Gmk is ρ
B
m (B) invariant. Since PNk → I in SOT as k →∞, we have
∞⋃
k=1
Fmk
and
∞⋃
k=1
Gmk are both dense in H. This completes the proof.
From Lemmas 4.3 and 4.4, we are able to obtain the next result which is a
key for proving our main result in this section.
Proposition 4.1 Let A ⊇ D ⊆ B be unital C*-inclusions of C*-algebras in
∞∏
n=1
Mkn (C)
and D is a unital finite-dimensional abelian C*-subalgebra. Then A∗
D
B is RFD.
Proof. Suppose that D =C∗ (p1, · · · , pt) where p1, · · · , pt are orthogonal pro-
jections with
t∑
i=1
pi = I. Suppose Φ : A∗
D
B → B (H) is a faithful essential rep-
resentation on a separable Hilbert space H. Then by Lemma 4.4, there are
sequences
{
ρAm
}
and
{
ρBm
}
of representations of A and B on H such that
ρBm|D = ρ
A
m|D and ∥∥ρAm (a)− ΦA (a)∥∥→ 0 as m→∞∥∥ρBm (b)− ΦB (b)∥∥→ 0 as m→∞.
Moreover, for each m ∈ N, we can find chains of finite-dimensional subspaces
Fm1 ⊆ F
m
2 ⊆ · · · and G
m
1 ⊆ G
m
2 ⊆ · · · of H with dimF
m
k = dimG
m
k such
that each Fmk is ρ
A
m (A) invariant, each G
m
k is ρ
B
m (B) invariant, and
∞⋃
k=1
Fmk ,
∞⋃
k=1
Gmk are both dense in H. Then, for each m ∈ N, there are sequences of
representations
{
ρAm,k
}∞
k=1
and
{
ρBm,k
}∞
k=1
of A and B on a finite-dimensional
Hilbert space Hm,k by Lemma 4.3, such that
ρ˜Am,k|Fmk = ρ
A
m|Fmk , ρ˜
B
m,k|Gmk = ρ
B
m|Gmk
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and ρ˜Am,k|D = ρ˜
B
m,k|D for each k ∈ N. We first take representations ρ˜
B
1,1, ρ˜
A
1,1 of
A and B on H11 respectively. Then ρ˜
B
1,1 (pi) = ρ˜
A
1,1 (pi) and
ρ˜A1,1|F 1
1
= ρA1 |F 1
1
, ρ˜B1,1|G1
1
= ρB1 |G1
1
.
Next we can find F 2l2 and G
2
l2
such that{
η11, · · · , η
1
t1
}
⊆1 G
2
l2{
ξ11, · · · , ξ
1
t1
}
⊆1 F
2
l2
where
{
ξ11, · · · , ξ
1
t1
}
and
{
η11, · · · , η
1
t1
}
are linear bases of F 11 and G
1
1 respec-
tively. Moreover, we have representations ρ˜A2,l2 , ρ˜
B
2,l2 of A and B on H
2
l2
such
that ρ˜B2,l2 (pi) = ρ˜
A
2,l2 (pi) and
ρ˜A2,l2 |F 2l2
= ρA2 |F 2l2
, ρ˜B2,l2 |G2l2
= ρB2 |G2l2
.
Sequentially, we can find F 3l3 and G
3
l3
satisfying{
ξ11, · · · , ξ
1
t1 , ξ
2
1, · · · , ξ
2
tm
}
⊆ 1
2
F 3l3{
η11, · · · , η
1
t1 , η
2
1, · · · , η
2
tm
}
⊆ 1
2
G3l3
where
{
ξ21, · · · , ξ
2
t2
}
and
{
η21, · · · , η
2
t2
}
are linear bases of F 2l2 and G
2
l2
respec-
tively. Meanwhile, representations ρ˜A3,l3 , ρ˜
B
3,l3 of A and B are both on H
3
l3
with
ρ˜B3,l3 |D = ρ˜
A
3,l3 |D and
ρ˜A3,l3 |F 3l3
= ρA3 |F 3l3
, ρ˜B3,l3 |G3l3 = ρ
B
3 |G3l3
.
So from the above construction, we can find a sequence
{
ρ˜Bm,lm
}∞
m=1
of repre-
sentations and a sequence
{
ρ˜Am,lm
}∞
m
of representations satisfying ρ˜Bm,lm (pi) =
ρ˜Am,lm (pi) for each m ∈ N. We still have that
∞⋃
m=1
Fmlm ,
∞⋃
m=1
Gmlm are both
dense in H. Let ρ˜m,lm : A∗D
B → B
(
Hmlm
)
be the *-representation such that
ρ˜m,lm |A = ρ˜
A
m,lm and ρ˜m,lm |B = ρ˜
B
m,lm . We want to show that, for a given
x ∈ A∗
D
B and any ǫ > 0, there is k ∈ N such that∥∥ρ˜k,lk (x)∥∥ ≥ ‖x‖ − ǫ.
This will suffice to show that A∗
D
B is RFD. Write x = w1+ · · ·+wM as the sum
of finitely many words wi in A and B. Assume ξ ∈ H is a unit vector such that
‖Φ (x) ξ‖ ≥ ‖ξ‖ − ǫ2 . We will show that for every i ∈ {1, · · · ,M} , there is k (i)
such that if k ≥ k (i), then∥∥ρ˜k,lk (wi) ξ − Φ (wi) ξ∥∥ < ǫ/2M.
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Taking k ≥ max1≤i≤M k (i) , this will imply
∥∥ρ˜k,lk (x) ξ − Φ (x) ξ∥∥ < ǫ/2, which
will yield what we want. To show it, write
wi = alal−1 · · · a2a1
for some l ∈ N and a1, · · · , al ∈ A ∪ B. Let ξ0 = ξ, ξj = Φ(aj) ξj−1 (1 ≤ j ≤ l)
and N = max1≤j≤l ‖aj‖ . Choose k large enough to ensure that
max
(
dist
(
ξj−1, F
k
lk
)
, dist
(
ξj−1, G
k
lk
))
≤ ǫ/
(
8lMN l−j
)
and ∥∥Φ (aj)− ρAk (aj)∥∥ < ǫ8lMN l−1 if aj ∈ A
or ∥∥Φ (aj)− ρBk (aj)∥∥ < ǫ8lMN l−1 if aj ∈ B
for any j ∈ {1, · · · , l} . Let η ∈ H. If aj ∈ A, let ηk = PFk
lk
(η) ∈ F klk , then∥∥Φ (aj) η − ρ˜k,lk (aj) η∥∥ ≤ ∥∥Φ (aj) η − ρ˜k,lk (aj) ηk∥∥+ ∥∥ρ˜k,lk (aj) ηk − ρ˜k,lk (aj) η∥∥
≤
∥∥Φ (aj) η − Φ (aj) ηk +Φ(aj) ηk − ρ˜k,lk (aj) ηk∥∥
+
∥∥ρ˜k,lk (aj) ηk − ρ˜k,lk (aj) η∥∥
≤ 2 ‖aj‖ dist
(
η, F klk
)
+
∥∥Φ (aj) ηk − ρAk (aj) ηk∥∥
≤ 2 ‖aj‖ dist
(
η, F klk
)
+
ǫ
4lMN l−1
‖ηk‖
Similarly, if aj ∈ B, then let ηk = PGk
lk
(η) ∈ Gklk , then∥∥Φ (aj) η − ρ˜k,lk (aj) η∥∥ ≤ 2 ‖aj‖ dist (η,Gklk)+ ǫ4lMN l−1 ‖ηk‖
Therefore∥∥Φ (wi) ξ − ρ˜k,lk (wi) ξ∥∥ = ∥∥Φ (alal−1 · · ·a2) Φ (a1) ξ0 − ρ˜k,lk (alal−1 · · · a2) ρ˜k (a1) ξ0∥∥
≤ ||Φ (alal−1 · · ·a2) Φ (a1) ξ0 − ρ˜k,lk (alal−1 · · · a2)Φ (a1) ξ0
+ ρ˜k (alal−1 · · · a2)Φ (a1) ξ0 − ρ˜k,lk (alal−1 · · ·a2) ρ˜k (a1) ξ0||
≤
∥∥Φ (alal−1 · · ·a2) ξ1 − ρ˜k,lk (alal−1 · · · a2) ξ1∥∥
+
∥∥ρ˜k,lk (alal−1 · · · a2)∥∥ ∥∥Φ (a1) ξ0 − ρ˜k,lk (a1) ξ0∥∥
≤
l−1∑
j=1
∥∥ρ˜k,lk (al · · · aj+1)∥∥ ∥∥Φ (aj) ξj−1 − ρ˜k,lk (aj) ξj−1∥∥
<
l−1∑
j=1
N l−j+1 · 2N ·
(
max
(
dist
(
ξj−1, F
k
lk
)
, dist
(
ξj−1, G
k
lk
))
+
ǫ
4lMN l
N j−1 ‖ξ0‖
)
=
ǫ
2M
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It follows that A∗
D
B is RFD.
The following lemma can be found in [5]. Combining previous lemmas and
the lemma below, we are able to state and prove our main result about unital
RFD algebras.
Lemma 4.5 (Lemma 2.2., [5]) Let A and B be unital C*-algebras having D
embedded as a unital C*-subalgebra of each of them. Let
C = A∗
D
B
be the full amalgamated free product of A and B over D. If there is a projection
p ∈ D and there are partial isometries v1, · · · , vn ∈ D such that v
∗
i vi ≤ p and
n∑
i=1
viv
∗
i = 1− p, then
pCp ∼= (pAp) ∗
pDp
(pBp) .
Remark 4.1 Suppose A is a unital C*-algebra and suppose there is a projection
p ∈ A and there are partial isometries v1, · · · , vn ∈ A such that v
∗
i vi ≤ p and
n∑
i=1
viv
∗
i = 1 − p. By emulating the argument in the proof of Lemma 2.1 in [5],
we know that A is MF if and only if pAp is MF.
Theorem 4.1 Let A, B be unital RFD algebras and D be a finite-dimensional
C*-algebra. Suppose ψA : D → A and ψB : D → B are unital embeddings. Then
A∗
D
B is RFD if and only if there are unital embeddings q1 : A →
∏∞
n=1Mkn(C)
and q2 : B →
∏∞
n=1Mkn(C) for a sequence {kn}
∞
n=1 of integers such that the
following diagram commutes
D
ψA
→֒ A
ψB ↓ ↓q1
B
q2
→֒
∏∞
m=1Mkm(C)
Proof. IfA∗
D
B is RFD, then there is a unital embedding Φ :A∗
D
B →
∏∞
n=1Mkn(C)
for a sequence {kn}
∞
n=1 of integers. Let q1 and q2 be the restrictions of Φ on A
and B respectively. Then the above diagram is commutative. Conversely, we
may assume that A, B are unital subalgebras of
∏∞
n=1Mkn(C) for a sequence
{kn}
∞
n=1 of integers and A ⊇ D ⊆ B are unital inclusions of C*-algebras. Since
D is a finite-dimensional C*-subalgebra, we can find a projection p ∈ D and
partial isometries v1, · · · , vn ∈ D such that v
∗
i vi ≤ p and
n∑
i=1
viv
∗
i = 1−p. There-
fore, for showing A∗
D
B is RFD, it is sufficient to show that PAP ∗PDP PBP is
RFD by Lemma 4.5 and Lemma 2.1 in [5]. Since PDP is a finite-dimensional
abelian C*-algebra. Then the desired result follows from Proposition 4.1.
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Corollary 4.1 Suppose that A is RFD and D is a unital finite-dimensional
C*-subalgebra of A. Then A∗DA is an RFD C*-algebra.
Proof. It is clear by Theorem 4.1.
Example 4.1 Let Mk (C) ⊇ D ⊆Ml (C) be unital inclusions of unital C*-
algebras. If trk|D = trl|D where trk and trl are tracial states on Mk (C) and
Ml (C) respectively, then there exists an integer n and there are two unital
embeddings q1 : Mk (C) → Mn (C) and q2 : Ml (C) → Mn (C) such that
q1|D = q2|D. It implies that there is a commutative diagram which is same as
the one in Theorem 4.1. Therefore Mk (C) ∗D Ml (C) is RFD. In fact, this
result has been proved in [5].
Remark 4.2 From the previous example and the fact that every MF algebra
has a tracial state, it is not hard to see that Mk (C) ∗DMl (C) is RFD if and
only if Mk (C) ∗DMl (C) is an MF algebra.
5 Full Amalgamated Free Product of Unital MF-
Algebras
5.1 D Is A Finite-dimensional C*-algebra
In this subsection, we consider unital full free products of unital MF algebras
with amalgamation over finite-dimensional C*-algebras. To state and prove our
main result, we need following lemmas.
Lemma 5.1 Suppose A =C*(x1, x2, · · · ) and B =C*(y1, y2, · · · ) are unital C*-
algebras. Then there is a unital *-homomorphism from A to B sending each xk
to yk, if and only if, for each ∗-polynomial P ∈ CQ 〈X1,X2, · · · 〉 , we have
‖P (x1, x2, · · · )‖ ≥ ‖P (y1, y2, · · · )‖ .
The following lemma is a generalized version of Lemma 4.2.
Lemma 5.2 (Theorem 5.1., [16]) Suppose A is a separable unital C*-algebra,
H1, H2 are separable infinite-dimensional Hilbert spaces and πi : A → B(Hi)
are unital *-representations for i = 1, 2. If, for each x ∈ A,
rank(π1(x)) ≤ rank (π2 (x)) ,
then there is a sequence {Un} of unitary operators, Un : H1 → H2, such that,
for each x ∈ A,
U∗nπ2 (x)Un → π1 (x) ∗ -SOT
as n→∞.
The following lemma can be found in [13], which concerns some elemen-
tary and useful facts about elements in ultraproducts of C*-algebras and their
representatives.
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Lemma 5.3 (Proposition 2.1, [13]) Let Ai, i ∈ Z, be unital C*-algebras and α
an ultrafilter on Z. Then
1. If P is a projection in
α∏
Al, then there are projections Pl in Al such that
P = [(Pl)] ;
2. If P = [(Pl)] , Q = [(Ql)] are in
α∏
Al and all Pl, Ql are projections and if
V ∈
α∏
Al is a partial isometry with V
∗V = P and V V ∗ = Q, then there
are Vl in Al such that, eventually along α, V
∗
l Vl = Pl and VlV
∗
l = Ql;
3. If P = [(Pl)] ∈
α∏
Al and each Pl is a projection, and if Q is a projection
in
α∏
Al such that Q ≤ P, then there are projection Ql ∈ Al with Ql ≤ Pl,
such that Q = [(Ql)] .
To show our main result, we need the following technical results.
Lemma 5.4 Let A ⊃ D ⊂ B be unital inclusions of MF-algebras. Suppose that
D is a finite-dimensional abelian C*-algebra generated by a family {z1, z2, · · · zl} of
self-adjoint elements, and A is generated by a family {x1, x2 · · · , z1, z2, · · · zl} of
self-adjoint elements, B is generated by a family {y1, y2, · · · , z1, z2, · · · zl} of
self-adjoint elements. Let ϕ : A∗
D
B → B (H) be a faithful representation of the
full amalgamated free product A∗
D
B on a separable Hilbert space H. Assume that
there is a sequence {kn}
∞
n=1 of integers with unital embeddings
q1 : A →
∞∏
n=1
Mkn(C)/
∞∑
n=1
Mkn(C),
and
q2 : B →
∞∏
n=1
Mkn(C)/
∞∑
n=1
Mkn(C)
such that q1 (zi) = q2 (zi) for each 1 ≤ i ≤ l. Also assume that, for a large
enough r ∈ N,
{P1, · · · , P2r} ⊂ CQ 〈X1, · · · ,Xr,Z1, · · · ,Zl〉
with {X1, · · · ,Xr,Z1, · · · ,Zl} ⊂ {P1, · · · , P2r} ,and
{Q1, · · · , Q2r} ⊂ CQ 〈Y1, · · · ,Yr,Z1, · · · ,Zl〉
with {Y1, · · · ,Yr,Z1, · · · ,Zl} ⊂ {Q1, · · · , Q2r} . Then there are sequences
{
Eim,r
}∞
m=1
,{
F im,r
}∞
m=1
of operators in B (H) for each i ∈ N, and a sequence
{
Gjm,r
}∞
m=1
of
operators in B (H) for each j ∈ {1, · · · , l} such that∣∣∥∥Ps (E1m,r, · · · , Erm,r, G1m,r, · · · , Glm,r)∥∥− ‖Ps (x1, · · · , xr, z1, · · · , zl)‖∣∣ < 12r ,
(5.1)
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∣∣∥∥Qs (F 1m,r, · · ·F rm,r, G1m,r, · · · , Glm,r)∥∥− ‖Qs (y1, · · · , yr, z1, · · · , zl)‖∣∣ < 12r
(5.2)
for each 1 ≤ s ≤ 2r, m ∈ N.We also have that C∗
(
E1m,r, · · · , F
1
m,r, · · · , G
1
m,r, · · · , G
l
m,r
)
is an RFD C*-algebra for each m ∈ N, and
Eim,r → ϕ(xi) as m→∞ in *-SOT for i ∈ N; (5.3)
F im,r → ϕ(yi) as m→∞ in *-SOT for i ∈ N; (5.4)
Gjm,r → ϕ(zj) as m→∞ in *-SOT for j ∈ {1, · · · , l} . (5.5)
Proof. Without loss of generality, we suppose that z1, · · · zl are orthogonal
projections with
l∑
i=1
zi = I and
‖xi‖ = ‖yi‖ = 1 for each i ∈ N.
From Lemma 2.1, we may assume that for each i ∈ N, j ∈ {1, · · · , l}, there are
families
{Am1 , A
m
2 , · · · } , {D
m
1 , D
m
2 , · · · , D
m
l } and {B
m
1 , B
m
2 , · · · } ⊂ M
s.a
km (C)
for each km ∈ {kn}
∞
n=1 satisfying
lim
m→∞
‖P (Am1 , A
m
2 . . . , D
m
1 , · · · , D
m
l )‖ = ‖P (x1, x2 . . . , z1, · · · , zl)‖ (5.6)
for any P ∈ CQ 〈X1,X2 · · · ,Z1, · · ·Zl〉, and
lim
m→∞
‖Q(Bm1 , B
m
2 . . . , D
m
1 , · · · , D
m
l )‖ = ‖Q(y1, y2 . . . , z1, · · · , zl)‖ (5.7)
for any Q ∈ CQ 〈Y1,Y2, · · · ,Z1, · · ·Zl〉 .
If r is large enough, we can assume that Dm1 , D
m
2 , · · · , D
m
l are orthogonal
projections with
∑l
j=1D
m
j = I ∈ Mkm (C) for m ≥ r by Lemma 5.3. If
{P1, · · · , P2r} ⊂ CQ 〈X1, · · · ,Xr,Z1, · · · ,Zl〉 satisfying
{X1, · · · ,Xr,Z1, · · · ,Zl} ⊂ {P1, · · · , P2r} (5.8)
and {Q1, · · · , Q2r} ⊂ CQ 〈Y1, · · · ,Yr,Z1, · · · ,Zl〉 satisfying
{Y1, · · · ,Yr,Z1, · · · ,Zl} ⊂ {Q1, · · · , Q2r} , (5.9)
then there is an integer Nr such that, for Ai (Nr) =
∏
r>Nr
Ari , Bi (Nr) =
∏
r>Nr
Bri
for each i ∈ N and Dj (Nr) =
∏
r>Nr
Dri for j ∈ {1, · · · , l} , we have
|‖Ps (A1 (Nr) , · · · , Ar (Nr) , D1 (Nr) , · · · , Dl (Nr))‖ − ‖Ps (x1, · · · , xr, z1, · · · , zl)‖| <
1
2r
(5.10)
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for each 1 ≤ s ≤ 2r by (5.6), and
|‖Qt (B1 (Nr) , · · ·Br (Nr) , D1 (Nr) , · · · , Dl (Nr))‖ − ‖Qt (y1, · · · , yr, z1, · · · , zl)‖| <
1
2r
(5.11)
for each 1 ≤ t ≤ 2r by (5.7). Combining with (5.8) and (5.9), we have
‖Ai(Nr)‖ ≤ 1 +
1
2r
for 1 ≤ i ≤ r (5.12)
‖Bi(Nr)‖ ≤ 1 +
1
2r
for1 ≤ i ≤ r (5.13)
and
‖Di(Nr)‖ ≤ 1 +
1
2r
for 1 ≤ i ≤ l. (5.14)
Let
ANr = C* (A1(Nr), A2(Nr) · · · , D1(Nr), · · · , Dl(Nr))
and
BNr = C* (B1(Nr), B2(Nr) · · · , D1(Nr), · · · , Dl(Nr))
be C*-algebras in
∏
r>Nr
Mkr (C) and
DNr = C* (D1(Nr), · · · , Dl(Nr))
be unital finite-dimensional C*-subalgebras of ANr and BNr .
Since
‖P (A1(Nr), A2(Nr) · · · , D1(Nr), · · · , Dl(Nr))‖∏
r>N
Mkr (C)
= sup
k≥Nr
∥∥P (Ak1 , Ak2 · · · , Dk1 , · · · , Dkl )∥∥Mkr (C) ≥ ‖P (x1, x2 · · · , z1, · · · , zl)‖A∗DB
for any P ∈ CQ 〈X1,X2 · · · ,Z1, · · · ,Zl〉 , and
‖Q(B1(Nr), B2(Nr) · · · , D1(Nr), · · · , Dl(Nr))‖∏
r>N
Mkr (C)
= sup
k≥Nr
∥∥Q(Bk1 , Bk2 · · · , Dk1 , · · · , Dkl )∥∥Mkr (C) ≥ ‖Q(y1, y2 · · · , z1, · · · , zl)‖A∗DB
for any Q ∈ CQ 〈Y1,Y2 · · · ,Z1, · · · ,Zl〉, there are *-homomorphisms
ρANr : ANr → ϕ
(
A∗
D
B
)
;
ρBNr : BNr → ϕ
(
A∗
D
B
)
.
such that ρANr (Ai (Nr)) = ϕ (xi) , ρ
B
Nr
(Bi (Nr)) = ϕ (yi) and ρ
A
Nr
(Dj (Nr)) =
ρBNr (Dj (Nr)) = ϕ (zj) for i ∈ N and j ∈ {1, · · · , l} by Lemma 5.1. It follows
that there is a *-homomorphism
ρNr : ANr ∗
DNr
BNr → ϕ
(
A∗
D
B
)
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satisfying ρNr (Ai (Nr)) = ϕ (xi) and ρNr (Bi (Nr)) = ϕ (yi) as well as ρNr (Dj (Nr)) =
ϕ (zj) for each i ∈ N and j ∈ {1, · · · , l} . We also know that ANr ∗
DNr
BNr is an
RFD C*-algebra by Theorem 4.1.
Let πNr : ANr ∗
DNr
BNr → B (HNr) be a faithful essential representation of
ANr ∗
DNr
BNr . Then πNr
(
ANr ∗
DNr
BNr
)
is an RFD C*-algebra and
πNr
(
ANr ∗
DNr
BNr
)
= C∗ (πNr (A1 (Nr)) , · · · , πNr (B1 (Nr)) , · · · , D1 (Nr) , · · · , Dl (Nr)) .
(5.15)
Since
rank (πNr(x)) ≥ rank
(
ρNr (x)
)
for every x ∈ ANr ∗
DNr
BNr , Lemma 5.2 implies that there is a sequence of unitary
operators
{
UNrm
}∞
m=1
⊂ B(H,HNr) such that
ρNr (x) = ∗-SOT - limm→∞
UNr∗m πNr (x)U
Nr
m (5.16)
for each x ∈ ANr ∗
DNr
BNr . So, for i ∈ N and j ∈ {1, · · · , l} , if we put
Eim,r = U
Nr∗
m πNr (Ai (Nr))U
Nr
m , (5.17)
F im,r = U
Nr∗
m πNr (Bi (Nr))U
Nr
m (5.18)
and
Gjm,r = U
Nr∗
m πNr (Dj (Nr))U
Nr
m , (5.19)
then, for every m ∈ N, i ∈ N, j ∈ {1, · · · , l}, we have∥∥P (E1m,r, · · · , Erm,r, G1m,r, · · · , Glm,r)∥∥ = ‖P (A1 (Nr) , · · · , Ar (Nr) , D1 (Nr) , · · · , Dl (Nr))‖ ,
(5.20)
for every P ∈ C 〈X1, X2, · · · , Z1, · · · , Zl〉 , and∥∥Q (F 1m,r, · · ·F rm,r, G1m,r, · · · , Glm,r)∥∥ = ‖Q (B1 (Nr) , · · ·Br (Nr) , D1 (Nr) , · · · , Dl (Nr))‖
(5.21)
for everyQ ∈ C 〈Y1, Y2, · · · , Z1, · · · , Zl〉 . It follows that, for each Ps ∈ {P1, · · · , P2r} ⊆
CQ 〈X1, · · · , Xr, Z1, · · · , Zl〉 and eachQt ∈ {Q1, · · · , Q2r} ⊆ CQ 〈Y1, · · · , Yr, Z1, · · · , Zl〉∣∣∥∥Ps (E1m,r, · · · , Erm,r, G1m,r, · · · , Glm,r)∥∥− ‖Ps (x1, · · · , xr, z1, · · · , zl)‖∣∣ < 12r ,∣∣∥∥Qt (F 1m,r, · · ·F rm,r, G1m,r, · · · , Glm,r)∥∥− ‖Qt (y1, · · · , yr, z1, · · · , zl)‖∣∣ < 12r
for eachm ∈ N by (5.10), (5.11), and (5.20), (5.21). Since C∗
(
E1m,r, · · · , F
1
m,r, · · · , G
1
m,r, · · · , G
l
m,r
)
is *-isomorphic to the C*-algebra
C∗ (πNr (A1 (Nr)) , · · · , πNr (B1 (Nr)) , · · · , D1 (Nr) , · · · , Dl (Nr)) ,
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we have
C∗
(
E1m,r, · · · , F
1
m,r, · · · , G
1
m,r, · · · , G
l
m,r
)
is an RFD C*-algebra for each m ∈ N. We also get
Eim,r → ϕ(xi) as m→∞ in *-SOT for i ∈ N;
F im,r → ϕ(yi) as m→∞ in *-SOT for i ∈ N;
Gjm,r → ϕ(zj) as m→∞ in *-SOT for j ∈ {1, · · · , l} .
by (5.16), (5.17), (5.18) and (5.19).
The next proposition is a key ingredient for proving our main theorem in
this subsection.
Proposition 5.1 Let A ⊃ D ⊂ B be unital inclusions of MF-algebras, where D
is a finite-dimensional abelian C*-algebra. Let ϕ : A∗
D
B → B (H) be a faith-
ful representation of the full amalgamated free product A∗
D
B. Suppose that
D is generated by a family {z1, z2, · · · zl} of self-adjoint elements, A is gen-
erated by a family {x1, x2 · · · , z1, z2, · · · zl} of self-adjoint elements and B is
generated by a family {y1, y2, · · · , z1, z2, · · · zl} of self-adjoint elements. Sup-
pose that there is a sequence {kn}
∞
n=1 of integers with unital embeddings q1 :
A →
∏∞
n=1Mkn(C)/
∞∑
n=1
Mkn(C), and q2 : B →
∏∞
n=1Mkn(C)/
∞∑
n=1
Mkn(C) such
that q1 (zi) = q2 (zi) for each 1 ≤ i ≤ l. Then there is a sequence {tm}
∞
m=1 of
integers such that, for each tr ∈ {tm}
∞
m=1 , there exist sequences
{Xr1 , X
r
2 , · · · } , {Y
r
1 , Y
r
2 , · · · } and {Z
r
1 , · · ·Z
r
l }
in Mtr (C) and a unitary operator Wr : H → (C
tr )
∞
satisfying
W ∗r (X
r
i )
(∞)Wr → ϕ (xi) in SOT as r→∞ for i ∈ N
W ∗r (Y
r
i )
(∞)
Wr → ϕ (yi) in SOT as r →∞ for i ∈ N
and
W ∗r (Z
r
i )
(∞)
Wr → ϕ (zi) in SOT as r →∞ for i ∈ {1, · · · , l}
as well as
‖P (x1, x2, · · · , z1, · · · zl)‖ = lim
r→∞
‖P (Xr1 , X
r
2 , · · · , Z
r
1 , · · · , Z
r
l )‖
‖Q(y1, y2, · · · , z1, · · · zl)‖ = lim
r→∞
‖Q (Y r1 , Y
r
2 , · · · , Z
r
1 , · · · , Z
r
l )‖
for any P ∈ CQ 〈X1,X2 · · · ,Z1, · · ·Zl〉 and Q ∈ CQ 〈Y1,Y2 · · · ,Z1, · · ·Zl〉.
Proof. Suppose z1, · · · zl are orthogonal projections with
l∑
i=1
zi = I and
‖xi‖ = ‖yi‖ = 1 for each i ∈ N.
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Assume {e1, e2, · · · } is a family of orthonormal basis of H. With notations as in
Lemma 5.4, for a large enough integer r and a subset {e1, · · · , er} ⊆ {e1, e2 · · · },
there is an integer M such that, for 1 ≤ i ≤ r, j ∈ {1, · · · , l} and 1 ≤ k ≤ r∥∥EiM,rek − ϕ(xi)ek∥∥ < 12r (5.22)∥∥F iM,rek − ϕ(yj)ek∥∥ < 12r (5.23)
and ∥∥∥GjM,rek − ϕ(zj)ek∥∥∥ < 12r . (5.24)
Note that
{
E1M,r, E
2
M,r, · · · , F
1
M,r, · · · , G
1
M,r, · · ·G
l
M,r
}
is a family of self-
adjoint elements in B (H) from the proof of Lemma 5.4. So, by Lemma 3.2 and
the fact that C∗
(
E1M,r, E
2
M,r, · · · , F
1
M,r, · · · , G
1
M,r, · · ·G
l
M,r
)
is a QD algebra
(actually it is RFD C*-algebra), there is a projection Pr ∈ B(H) such that, for
1 ≤ i ≤ r, j ∈ {1, · · · , l}, 1 ≤ k ≤ r,
‖ek − Prek‖ <
1
6r
(5.25)
and ∥∥PrEiM,rPrek − EiM,rek∥∥ < 16r (5.26)∥∥PrF iM,rPrek − F iM,rek∥∥ < 16r (5.27)∥∥∥PrGjM,rPrek −GjM,rek∥∥∥ < 16r (5.28)
as well as
|
∥∥Ps (PrE1M,rPr, · · · ,PrErM,rPr,PrG1M,rPr, · · · PrGlM,rPr)∥∥− ∥∥Ps (E1M,r, · · ·ErM,r, G1M,r, · · ·GlM,r)∥∥ |
<
1
2r
for 1 ≤ s ≤ 2r,
(5.29)
|
∥∥Qt (PrF 1M,rPr, · · · ,PrF rM,rPr,PrG1M,rPr, · · · PrGlM,rPr)∥∥− ∥∥Qt (F 1M,r, · · ·F rM,r, G1M,r, · · ·GlM,r)∥∥ |
<
1
2r
for 1 ≤ t ≤ 2r. (5.30)
By (5.20), (5.21) and (5.29), (5.30), we have that
|
∥∥Ps (PrE1M,rPr, · · · ,PrErM,rPr,PrG1M,rPr, · · · PrGlM,rPr)∥∥
− ‖Ps (A1 (Nr) , · · · , Ar (Nr) , C1 (Nr) , · · ·Cl (Nr))‖ |
<
1
2r
for 1 ≤ s ≤ 2r (5.31)
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|
∥∥Qt (PrF 1M,rPr, · · · ,PrF rM,rPr,PrG1M,rPr, · · · PrGlM,rPr)∥∥
−‖Qt (B1 (Nr) , · · ·Br (Nr) , C1 (Nr) , · · ·Cl (Nr))‖ |
<
1
2r
for 1 ≤ t ≤ 2r. (5.32)
Let tr = dimPrH and W˜r : PrH →C
tr be an unitary. PuttingXri = W˜rPrE
i
M,rPrW˜
∗
r ,
Y ri = W˜rPrF
i
M,rPrW˜
∗
r for i ∈ N and Z
r
j = W˜rPrG
j
M,rPrW˜
∗
r for j ∈ {1, · · · , l} ,
and combining (5.31), (5.32) and (5.10), (5.11), we have
|‖Ps (X
r
1 , · · · , X
r
r , Z
r
1 , · · · , Z
r
l )‖ − ‖Ps(x1, · · · , xr , z1, · · · , zl‖| <
1
r
(5.33)
|‖Qt (Y
r
1 , · · · , Y
r
r , Z
r
1 , · · · , Z
r
l )‖ − ‖Qt(y1, · · · , yr, z1, · · · , zl‖| <
1
r
(5.34)
for 1 ≤ s, t ≤ 2r. Hence we can find a unitaryWr : H → (C
tr )
∞
such that Wr is
unitary equivalent to
(
W˜r
)∞
and WrPr = W˜r. It follows that, for 1 ≤ i ≤ r,
j ∈ {1, · · · , l} and 1 ≤ k ≤ r, we have∥∥W ∗r (Xri )∞Wrek − Eimrek∥∥ ≤ ‖W ∗r (Xri )∞Wr‖ ‖ek − Prek‖+ ∥∥W ∗r (Xri )∞WrPrek − Eimrek∥∥
≤
(
1 +
1
2r
)
1
6r
+
∥∥∥W ∗r (W˜rPrEiM,rPrW˜ ∗r )∞ W˜rek − Eimrek∥∥∥
=
(
1 +
1
2r
)
1
6r
+
∥∥PrEiM,rPrek − EiM,rek∥∥
≤
(
1 +
1
2r
)
1
6r
+
1
6r
<
1
2r
, (5.35)
and
∥∥W ∗r (Y ri )∞Wrek − F iM,rek∥∥ < 12r , (5.36)∥∥∥W ∗r (Zrj )∞Wrek −GjM,rek∥∥∥ < 12r (5.37)
by the definition of Xri , Y
r
i and Z
r
j and (5.25), (1), (1) and (1). Combining the
inequalities from above with (5.22), (5.23) and (5.24), we have, for 1 ≤ i ≤ r,
j ∈ {1, · · · , l} and 1 ≤ k ≤ r,
‖W ∗r (X
r
i )
∞
Wrek − ϕ (xi) ek‖ <
1
r
;
‖W ∗r (Y
r
i )
∞Wrek − ϕ (yi) ek‖ <
1
r
;∥∥W ∗r (Zrj )∞Wrek − ϕ (zj) ek∥∥ < 1r .
Therefore
W ∗r (X
r
i )
(∞)
Wr → ϕ (xi) in SOT as r→∞
W ∗r (Y
r
i )
(∞)
Wr → ϕ (yi) in SOT as r →∞
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W ∗r
(
Zrj
)(∞)
Wr → ϕ (zj) in SOT as r →∞
for i ∈ N, j ∈ {1, · · · , l} and
‖P (x1, x2, · · · , z1, · · · , zl)‖ = lim
r→∞
‖P (Xr1 , X
r
2 , · · · , Z
r
1 , · · · , Z
r
l )‖
‖Q(y1, y2, · · · , z1, · · · , zl)‖ = lim
r→∞
‖Q (Y r1 , Y
r
2 , · · · , Z
r
1 , · · · , Z
r
l )‖
for any P ∈ CQ 〈X1,X2 · · · ,Z1, · · · ,Zl〉 and Q ∈ CQ 〈Y1,Y2 · · · ,Z1, · · · ,Zl〉
as desired.
Now we are ready to show our main result in this subsection.
Theorem 5.1 Let A and B be unital MF-algebras and D be a finite-dimensional
C*-algebra. Suppose ψ1 : D → A and ψ2 : D → B are unital embeddings.
Then A∗
D
B is an MF algebra if and only if there are unital embeddings q1 :
A →
∏∞
n=1Mkn(C)/
∞∑
n=1
Mkn(C) and q2 : B →
∏∞
n=1Mkn(C)/
∞∑
n=1
Mkn(C) for
a sequence {kn}
∞
n=1 of integers such that the following diagram commutes
D
ψA
→֒ A
ψB ↓ ↓q1
B
q2
→֒
∏∞
m=1Mkm(C)/
∑
Mkm(C)
Proof. If A∗
D
B is an MF algebra, then there is a unital embedding
Φ : A∗
D
B →
∞∏
n=1
Mkn(C)/
∞∑
n=1
Mkn(C)
for a sequence {kn}
∞
n=1 of integers. Let q1 and q2 be the restrictions of Φ on A
and B respectively. Then the above diagram is commutative.
Conversely, suppose D, A and B are generated by families
{z1, · · · , zl} ,
{x1, x2 · · · , ψ1 (z1) , · · · , ψ1 (zl)}
and
{y1, y2, · · · , ψ2 (z1) , · · · , ψ2 (zl)}
respectively with ‖xi‖ = ‖yi‖ = ‖zj‖ = 1 for each i ∈ N and j ∈ {1, · · · , l}. By
Remark 4.1, we may assume that D is a finite-dimensional abelian C*-algebra
and z1, · · · zl are orthogonal projections with
l∑
i=1
zi = I. Without loss of general-
ity, we may assume thatA∗
D
B is generated by a sequence {x1, x2 · · · , y1, y2 · · · , z1, · · · , zl} .
Let ϕ : A∗
D
B → B (H) be a faithful representation of full amalgamated free prod-
uctA∗
D
B. Applying Proposition 5.1, there is a sequence {tm}
∞
m=1 of integers such
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that, for each tr ∈ {tm}
∞
m=1 , there exist sequences {X
r
1 , X
r
2 , · · · } , {Y
r
1 , Y
r
2 , · · · }
and {Zr1 , · · · , Z
r
2} in Mtr (C) and a unitary operator Wr : H → (C
tr )
∞
such
that
W ∗r (X
r
i )
(∞)
Wr → ϕ (xi) in SOT as r →∞ for i ∈ N
W ∗r (Y
r
i )
(∞)Wr → ϕ (yi) in SOT as r→∞ for i ∈ N
and
W ∗r
(
Zrj
)(∞)
Wr → ϕ (zj) in SOT as r →∞ for j ∈ {1, · · · , l}
as well as
‖P (x1, x2, · · · , z1, z2, · · · )‖ = lim
r→∞
‖P (Xr1 , X
r
2 , · · · , Z
r
1 , · · · , Z
r
l )‖
‖Q (y1, y2, · · · , z1, z2, · · · )‖ = lim
r→∞
‖Q (Y r1 , Y
r
2 , · · · , Z
r
1 , · · · , Z
r
l )‖
for any P ∈ CQ 〈X1,X2 · · · ,Z1, · · · ,Zl〉 and Q ∈ CQ 〈Y1,Y2 · · · ,Z1, · · · ,Zl〉 .
Therefore, we can define unital embeddings
q1 : A →
∏
Mtr (C) /
∑
Mtr (C)
and
q2 : B →
∏
Mtr (C) /
∑
Mtr (C)
so that q1(xi) = [(X
r
i )] , q1(ψ1 (zj)) =
[(
Zrj
)]
, and q2(yi) = [(Y
r
i )] , q2(ψ2 (zj)) =[(
Zrj
)]
for i ∈ N, j ∈ {1, · · · , l} . From the definition of full amalgamated free
product, there is a ∗-homomorphism
Φ : A∗
D
B →
∏
Mtr (C) /
∑
Mtr (C)
such that Φ(xi) = [(X
r
i )] ,Φ(yi) = [(Y
r
i )] ,Φ(zj) =
[(
Zrj
)]
where i ∈ N and j ∈
{1, · · · , l} . Furthermore, for any Ψj ∈ CQ 〈X1,X2 · · · ,Y1,Y2 · · · ,Z1, · · · ,Zl〉 ,
we have
‖Ψj ([(X
r
1 )] , [(X
r
2 )] · · · , [(Y
r
1 )] , [(Y
r
2 )] · · · , [(Z
r
1)] , · · · , [(Z
r
l )])‖
= lim sup
r→∞
‖Ψj (X
r
1 , X
r
2 · · · , Y
r
1 , Y
r
2 · · · , , Z
r
1 , · · · , Z
r
l )‖Mkr (C)
≤ ‖Ψj (x1, x2 · · · , y1, y2 · · · , z1, · · · , zl)‖A∗
D
B . (5.38)
Meanwhile,
Ψj (W
∗
r (X
r
1 )
∞
Wr, · · · ,W
∗
r (Y
r
1 )
∞
Wr, · · · ,W
∗
r (Z
r
1 )
∞
Wr, · · · ,W
∗
r (Z
r
l )
∞
Wr)
→ Ψj (x1, x2 · · · , y1, y2 · · · , z1, · · · , zl) in SOT as r →∞,
and therefore
lim inf
r→∞
‖Ψj (X
r
1 , X
r
2 · · · , Y
r
1 , Y
r
2 · · · , , Z
r
1 , · · · , Z
r
l )‖Mkr (C)
= lim inf
r→∞
‖Ψj (W
∗
r (X
r
1 )
∞
Wr , · · · ,W
∗
r (Y
r
1 )
∞
Wr, · · · ,W
∗
r (Z
r
1)
∞
Wr, · · · ,W
∗
r (Z
r
l )
∞
Wr)‖
≥ ‖Ψj (x1, x2 · · · , y1, y2 · · · , z1, · · · , zl)‖A∗
D
B .
(5.39)
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Combining (5.38) and (5.39), it follows that
‖Ψ(x1, x2 · · · , y1, y2 · · · , z1, · · · , zl)‖ = lim
r→∞
‖Ψj (X
r
1 , X
r
2 · · · , Y
r
1 , Y
r
2 · · · , Z
r
1 , · · · , Z
r
l )‖
for any Ψ ∈ CQ 〈X1, · · · ,Y1, · · · ,Z1, · · · ,Zl〉 . Then Φ is a unital injective ∗-
homomorphism. It follows that A∗
D
B is an MF algebra.
The following corollary is an easy consequence of Theorem 5.1.
Corollary 5.1 Let A be an MF algebra and D be a finite-dimensional C*-
algebra. If there is a unital embedding q : D → A, then A∗
D
A is an MF algebra
with respect to the embedding q.
Applying Theorems 5.1, we can obtain the following result.
Proposition 5.2 Let A and B be unital MF algebras and let D be the direct
sum of n copies of the set of all complex numbers, that is,
D = C⊕ C⊕ · · · ⊕ C.
Suppose ψA : D → A and ψB : D → B are unital embeddings. If ψA and ψB
can be extended to unital embeddings ψ˜A : Mn (C)→ A and ψ˜B : Mn (C)→ B
respectively, then A∗
D
B is an MF algebra.
Proof. Let
E1 = 1⊕ 0⊕ · · · ⊕ 0, E2 = 0⊕ 1⊕ 0⊕ · · · ⊕ 0, · · · , En = 0⊕ 0⊕ · · · ⊕ 0⊕ 1
in D. Then D =CE1 + · · ·+CEn. Suppose C*-algebras A and B are generated
by families
{x1, x2 · · · , ψA (E1) , · · · , ψA (En)}
of self-adjoint elements and
{y1, y2 · · · , ψB (E1) , · · · , ψB (En)}
of self-adjoint elements respectively. Without loss of generality, we may assume
thatA and B can be embedded as unital C*-subalgebras of
∏∞
m=1Mkm(C)/
∑
Mkm(C),
respectively, for a sequence {km}
m
m=1 of integers with sequences
{Am1 , A
m
2 , · · · } , {C
m
1 , · · · , C
m
n } and {B
m
1 , B
m
2 , · · · } , {D
m
1 , · · · , D
m
n } ⊂M
s.a.
km (C)
for each km ∈ {kn}
∞
n=1 satisfying
lim
m→∞
‖P (Am1 , A
m
2 . . . , C
m
1 , · · · , C
m
n )‖ = ‖P (x1, x2 · · · , ψA (E1) , · · · , ψA (En))‖
for any P ∈ CQ 〈X1,X2 · · · ,Z1, · · · ,Zn〉, and
lim
m→∞
‖Q(Bm1 , B
m
2 . . . , D
m
1 , · · · , D
m
n )‖ = ‖Q(y1, y2 · · · , ψB (E1) , · · · , ψB (En))‖
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for anyQ ∈ CQ 〈Y1,Y2, · · · ,Z1, · · · ,Zn〉 . Since the images of ψA (E1) , · · · , ψA (En)
under the embedding fromA to
∏∞
m=1Mkm(C)/
∑
Mkm(C) are [(C
m
1 )] , · · · , [(C
m
n )]
and ψA can be extended to a unital embedding ψ˜A :Mn (C)→ A, it follows that
there are partial isometries [(V m1 )] , · · · , [(V
m
n )] in
∏∞
m=1Mkm(C)/
∑
Mkm(C)
such that [(V ms )]
∗
[(V ms )] = [(C
m
1 )] and [(V
m
s )] [(V
m
s )]
∗
= [(Cms )] for each s ∈
{1, · · · , n} . By Lemma 5.3, we may assume that, Cms ∈ Mkm(C) is a pro-
jection for each m ∈ N and s ∈ {1, · · · , n} . We may conclude further that,
when km is large enough, V
m
s is a partial isometry such that V
m∗
s V
m
s = C
m
1
and V ms V
m∗
s = C
m
s for 1 ≤ s ≤ n in Mkm (C) by Lemma 5.3. So it follows
that Cm1 is equivalent to C
m
s in Mkm(C) for 1 ≤ s ≤ n and
n∑
s=1
Cms = I,
Cmi C
m
j = 0 for 1 ≤ i 6= j ≤ n. Similarly, we can assume that D
m
s is a projection
in Mkm(C) for 1 ≤ s ≤ n. When km is large enough, we conclude that D
m
1
is equivalent to Dms for each 1 ≤ s ≤ n,
∑n
s=1 D
m
s = I and D
m
i D
m
j = 0 as
1 ≤ i 6= j ≤ n in Mkm(C). Hence, there exists an integer K such that, for each
km > K, there exists a unitary U
m ∈ Mkm (C) satisfying U
mCms U
m∗ = Dms
for each s ∈ {1, 2, · · · , n} in Mkm(C). It follows that there is a unitary
[(Um)] ∈
∏∞
m=1Mkm(C)/
∑
Mkm(C) satisfying [(U
m)] [(Cmi )] [(U
m)]
∗
= [Dmi ]
for 1 ≤ i ≤ n. Now we define embeddings
q1 : A →
∞∏
m=1
Mkm(C)/
∑
Mkm(C)
so that q1 (xi) = [(U
m)] [(Ami )] [(U
m)]∗ for i ∈ N, q1 (ψA (zj)) =
[(
Dmj
)]
for
1 ≤ j ≤ n and
q2 : B →
∞∏
m=1
Mkm(C)/
∑
Mkm(C)
so that q2 (yi) = [(B
m
i )] for i ∈ N, q2 (ψB (zi)) =
[(
Dmj
)]
for1 ≤ j ≤ n. It is
clear that the following diagram is commutative
D
ψA
→֒ A
ψB ↓ ↓q1
B
q2
→֒
∏∞
m=1Mkm(C)/
∑
Mkm(C)
So A∗
D
B is MF by Theorem 5.1.
5.2 D Is An Infinite-dimensional C*-algebra
In this subsection, we consider the case when D is an infinite-dimensional C*-
algebra. More precisely, we consider the case when D can be written as a norm
closure of the union of an increasing sequence of C*-algebras.
Theorem 5.2 Suppose that A ⊇ D ⊆ B are unital inclusions of unital separable
C*-algebras and {Dk}
∞
k=1 is an increasing sequence of unital C
∗-subalgebras of
D such that ∪k≥1Dk is norm dense in D. Let A∗D B and A∗Dk B for k ≥ 1 be
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the unital full free products of A and B with amalgamation over D and Dk for
k ≥ 1 respectively. If A ∗Dk B is an MF algebra for each k ≥ 1, then A ∗D B is
an MF algebra.
Proof. Note that A,B and D are unital separable C∗-algebras. We might
assume that {xn}n∈N ⊆ A, and {yn}n∈N ⊆ B are families of generators of A
and B respectively.
Assume that σ : A → A ∗D B and σk : A → A ∗Dk B are natural unital
embeddings from A into A ∗D B and A ∗Dk B, respectively, for each k ≥ 1.
Assume that ρ : B → A∗DB and ρk : B → A∗DkB are natural unital embeddings
from B into A ∗D B and into A ∗Dk B, respectively, for each k ≥ 1.
Consider the unital C∗-algebra∏
k≥1
A ∗Dk B/
∑
k≥1
A ∗Dk B.
From Corollary 3.4.3 in [3] and the fact that, for each k ≥ 1, A∗DkB is an MF al-
gebra, we know that every separable C∗-subalgebra of
∏
k≥1A∗DB/
∏
k≥1A∗Dk
B is an MF algebra. Let
an = [(σk(xn))k] ∈
∏
k≥1
A ∗Dk B/
∑
k≥1
A ∗Dk B, ∀ n ∈ N
and
bn = [(ρk(yn))k] ∈
∏
k≥1
A ∗Dk B/
∑
k≥1
A ∗Dk B, ∀ n ∈ N.
Let Q be the unital C∗-subalgebra generated by {an, bn}n∈N in
∏
k≥1A ∗Dk
B/
∑
k≥1A ∗Dk B. Thus Q is an MF algebra.
Next we shall show that there is a ∗-isomorphic from Q onto A ∗D B by
sending each an to σ(xn) and bn to ρ(yn). This will induce that A ∗D B is also
an MF algebra. In order to obtain such ∗-isomorphism from Q onto A ∗D B, it
suffices to show that ∀ N ∈ N and ∀ P ∈ C〈X1, . . ..XN , Y1, . . .YN 〉, we have
‖P (σ(x1), · · · , σ(xN ), ρ(y1), · · · , ρ(yN ))‖A∗DB
= ‖P (a1, · · · , aN , b1, · · · , bN )‖∏
k≥1
A∗DkB/
∑
A∗DkB
(5.40)
By the definition of full amalgamated free product, we know, for each k ≥ 1,
there is a ∗-homomorphism from A∗Dk B to A∗DB, which send σk(xn) to σ(xn)
and ρk(yn) to ρ(yn) respectively, for every n ∈ N. Hence
‖P (σ(x1), · · · , σ(xN ), ρ(y1), · · · , ρ(yN ))‖A∗DB
≤ ‖P (σk(x1), · · · , σk(xN ), ρk(y1), · · · , ρk(yN ))‖A∗DkB
for all k ≥ 1
and, consequently,
‖P (σ(x1), · · · , σ(xN ), ρ(y1), · · · , ρ(yN ))‖A∗DB ≤ ‖P (a1, · · · , aN , b1, · · · , bN )‖
∏
k≥1
A∗DkB/
∑
k≥1A∗DkB
(5.41)
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We will show that [(σk(z))k] = [(ρk(z))k] for every z ∈ D. Suppose z ∈ D
and ε > 0. Then there exist a positive integer p and an element zp in Dp such
that ‖z − zp‖ < ε. Since {Dk}k is an increasing sequence of C
∗-algebras, we
know that zp ∈ Dk for k ≥ p. It follows that [(σk(zp))k] = [(ρk(zp))k]. So,
‖[(σk (z))k]− [(ρk (z))k]‖
∏
k≥1
A∗DkB/
∑
k≥1A∗DkB
= lim sup
k
‖σk (z)− ρk (z)‖A∗Dk
≤ lim sup
k
(‖σk(z)− σk(zp)‖A∗DkB
+ ‖σk(zp)− ρk(zp)‖A∗DkB
+ ‖ρk(zp)− ρk(z)‖A∗DkB
)
≤ 2ε for all ε > 0.
Thus we obtain that [(σk(z))k] = [(ρk(z))k].
Now it follows from the definitions of full amalgamated free product and of
the C∗-algebra Q, together with the fact that [(σk(z))k] = [(ρk(z))k] for every
z ∈ D, we know there is a ∗-homomorphism from A ∗D B onto Q, which maps
each σ(xn), ρ(yn) to an, bn respectively for n ∈ N. Therefore,
‖P (σ(x1), · · · , σ(xN ), ρ(y1), · · · , ρ(yN ))‖A∗DB
≥ ‖P (a1, · · · , aN , b1, · · · , bN )‖∏
k≥1
A∗DkB/
∑
k≥1A∗DkB
(5.42)
Now equation (1) follows easily from inequalities (5.41) and (1). This ends
our proof.
Once we get the preceding theorem, we are ready to consider the case when
D is an AF algebra. The following theorem is an analogous result to Theorem
5.1
Theorem 5.3 Suppose that A ⊃ D ⊂ B are unital inclusions of unital MF
algebras where D is an AF algebra. Then the unital full free product A ∗D B of
A and B with amalgamation over D is an MF algebra if and only if there is a
sequence of positive integers {nk}
∞
k=1 such that the following diagram
D ⊆ A
∩ ∩
B ⊆
∏
k
Mnk (C) /
∑
kMnk (C)
commutes. .
Proof. IfA∗DB is MF, there is a sequence of positive integers {nk}
∞
k=1 such that
the following diagram commutes automatically. For another direction, suppose
there is a sequence of positive integers {nk}
∞
k=1 such that the following diagram
D ⊆ A
∩ ∩
B ⊆
∏
k
Mnk (C) /
∑
kMnk (C)
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commutes. Note that D is an AF algebra, therefore there is an increasing
sequence of unital finite-dimensional C∗-subalgebra {Dp}p≥1 of D such that
∪pDp is norm dense in D. By the choice of each Dp, we know that the diagram,
for each p ≥ 1,
Dp ⊆ D ⊆ A
∩ ∩
B ⊆
∏
k
Mnk (C) /
∑
kMnk (C)
commutes. By Theorem 5.1, we obtain that A ∗Dp B is an MF algebra for each
p ≥ 1. Now it follows from Theorem 5.2 that A ∗D B is an MF algebra.
Since every AF algebra has a faithful tracial state, we are able to consider
the case when A, B and D are all AF algebras and give a sufficient condition in
terms of faithful tracial states.
Theorem 5.4 Suppose that A ⊃ D ⊂ B are unital inclusions of AF C∗-
algebras. If there are faithful tracial states τA and τB on A and B respectively,
such that
τA(x) = τB(x), ∀ x ∈ D,
then A ∗D B is an MF algebra.
Proof. Assume that {xn}
∞
n=1 ⊆ A, {yn}
∞
n=1 ⊆ B and {zn}
∞
n=1 ⊆ D are families
of generators in A, B and D respectively. Note that A,B and D are AF algebras.
For each N ∈ N, there are finite dimensional C∗-subalgebras DN ⊆ D, AN ⊆ A
and BN ⊆ A such that
max
1≥n≤N
{dist(xn,AN ), dist(yn,BN), dist(zn,DN )} ≤
1
N
(5.43)
and
AN ⊃ DN ⊂ BN (5.44)
Note that τA(x) = τB(x), ∀ x ∈ D. From the argument in the proof of Theorem
4.2 [1], there are rational faithful tracial states on AN and BN such that their
restrictions on DN agree. This implies that there is a positive integer kN such
that
MkN (C) ⊇ AN⊇ DN⊆ BN⊆MkN (C). (5.45)
Combining 5.43, 5.44 and 5.45, we know that there is a sequence of positive
integers {kN}
∞
N=1 such that the diagram
D ⊆ A
∩ ∩
B ⊆
∏
N
MkN (C) /
∑
N MkN (C)
commutes. By Theorem 5.3, we obtain that A ∗D B is an MF algebra.
It is well-known that the tracial state on each UHF algebra is unique. There-
fore we can restate Theorem 5.4 when A, B are both UHF algebras and D is an
AF algebra. A necessary and sufficient condition can be given in this case.
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Corollary 5.2 Suppose that A ⊇ D ⊆ B are unital inclusions of C*-algebras
where A, B are UHF algebras and D is an AF algebra. Then A∗
D
B is an MF
algebra if and only if
τA (z) = τB (x) for each z ∈ D,
where τA and τB are faithful tracial states on A and B respectively.
Proof. From the fact that every MF algebra has a tracial state and the tracial
state on UHF algebra is unique and faithful, one direction of the proof is obvious.
Another direction is followed by applying Theorem 5.4.
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